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Computational Aeroacoustics Simulations Using the Expansion
About Incompressible Flow Approach
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A series of two-dimensional numerical simulations is conducted in an effort to understand the behavior and
validate the performance of a split hydrodynamic–acoustic computational aeroacoustics approach coupled with a
specially tailored nonre� ecting boundary condition. Validation cases considered include the classic aeroacoustic
problem of the spinning vortex pair, the far-� eld aeolian tone prediction for a cylinder in cross� ow, and the
prediction of sound generation in a shear layer. In all cases good results are obtained based on comparisons
with analytical solutions, experimental measurements, and direct numerical simulations. The split computational
aeroacoustics approach is shown to be a cost-effective method for computing sound generation and propagation
for a wide range of � ows, including � ows with noncompact source regions.

Nomenclature
Cp = pressure coef� cient
D = cylinder diameter
f = frequency
M = Mach number
Mr = rotating Mach number
P = hydrodynamic pressure
p0 = perturbationpressure
Re = Reynolds number
r0 = rotation radius, vortex pair
Sr = Strouhal number
t = time
Ui = hydrodynamic velocity vector
u i = velocity vector
u 0

i = perturbationvelocity vector
xi = Cartesian coordinates
0 = circulation
° = speci� c heat ratio
1U = velocity difference across shear layer
± = shear layer thickness
¹ = dynamic viscosity
½0 = ambient thermodynamicdensity
½1 = hydrodynamic density
½ 0 = perturbationdensity
¾ = error function standard deviation
¾xi = absorption coef� cients in perfectly matched layer region

Introduction

T HE relativelynew � eld of computationalaeroacoustics(CAA)
has emerged over the past 10–15 years and holds promise
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in furthering the ability to predict and understand � ow-generated
sound. Although the CAA � eld has close ties to the � eld of com-
putational � uid dynamics (CFD), the nature, characteristics, and
objectives of aeroacoustic problems are distinctly different from
those encounteredin aerodynamics.1 – 3 This point can be illustrated
by considering sound radiated from a � ow at low Mach numbers.4

At a Mach number of 10¡3, the ratio of the radiated acoustic energy
levels to source energy levels is on the order of 10¡12 . In addition,
the length scales associatedwith the propagatingacousticwaves are
signi� cantly larger than those governing the near-� eld � ow. These
disparate energy levels and length scales require careful numeri-
cal treatment to avoid introducingspuriousnoise sources, excessive
dissipation and dispersion of the acoustic quantities, and nonphys-
ical wave re� ection from computational boundaries. As such, the
technology,e.g., solvers, algorithms,and boundarycondition types,
developed for CFD analyses is not always directly applicable to
CAA.

Within the CAA � eld, several different approaches have been
developed. Lighthill1 has categorized these approaches into two
groups.The � rst group, referred to as direct simulation, applies spe-
cially tailoredCFD techniquesover a largedomain that includes the
acoustic source region and extends out to the far � eld. For viscous
� ows, the direct simulation group makes use of direct numerical
simulation (DNS), large-eddy simulation (LES), or time-averaged
simulation of the Navier–Stokes equations to simultaneously com-
pute the acoustic source generation and the resulting acoustic � eld
radiation. Direct simulation involves an intense amount of compu-
tational effort due to the disparity in scales mentioned earlier, i.e.,
the computationalpredictionof aeroacousticsourcesrequiresdense,
highly stretched grids to resolve viscousgradients,whereas the pre-
diction of acousticwave propagationrequires accuratepredictionof
small-amplitude quantities over large domains. The second group
of approaches makes use of an acoustic analogy, e.g., Lighthill’s
acoustic analogy,5 whereby CFD techniques are used to evaluate
acoustic source strengths and distributions, and an acoustic wave
equation is subsequently used to propagate acoustic quantities to
the far � eld. To make use of these analogies, some approximations
are typically made, such as assuming that the source terms can be
adequately characterized by an incompressible � ow� eld. Despite
such approximations, and because of the computational intensity
associated with the direct simulation approach, Lighthill has rec-
ommended continued use of the acoustic analogy in one or more of
its available forms.
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Recently, Hardin and Pope6 introduced a CAA scheme called
expansion about incompressible � ow (EIF). The EIF approach is
similar to the approximate acoustic analogies in that it splits the di-
rect simulation approach into an incompressible � ow problem and
a perturbation problem and does not allow for acoustic backscatter
into the � ow solution. In the near � eld, the perturbation quanti-
ties are the difference between the compressible and incompress-
ible � ow� eld variables. The perturbation quantities are equivalent
to acoustic quantities in the far � eld. The splitting used in the EIF
approach is intended to simplify the dif� culties associated with re-
solving the small amplitude of acoustic wave � uctuations relative
to the mean � ow quantities, the long propagation distance out to
the far � eld, and the disparateacoustic and viscous length scales. In
addition, optimum numerical schemes can be applied to the equa-
tion sets governing each problem; implicit schemes can be used for
the incompressibleequations, and explicit schemes can be used for
the perturbation equations. The split approach also provides � exi-
bility in specifying the type and location of boundary conditions;
i.e., acoustic/perturbation boundary conditions can be speci� ed at
different locations relative to the boundary conditions speci� ed for
the incompressible equations. In contrast to the more sophisticated
acoustic analogy equations, e.g., Phillips’s equation7 and Lilley’s
equation,8 the EIF approach accounts for � ow–acoustic interac-
tion in an unambiguous fashion. In these equations, the acoustic
wave operator is constructed in such a way as to closely resemble
the linearized moving-medium wave equation. This is not com-
pletely physical because some of the terms used to construct the
wave operator may be important in the sound generation process
but do not appear as source terms.9 This ambiguity in segregating
the � ow–acoustic interaction terms from sound generation source
terms results from the nonlinearity of the governing equations. Be-
cause the EIF approach separates the � ow variables into acoustic
and hydrodynamic parts, the source terms can be unambiguously
segregated from terms that process the acoustic waves. As such,
the EIF approach should provide an effective method of predict-
ing acoustic � elds resulting from low-Mach-number, noncompact
source regions.

To date, the EIF approach has undergone limited validation, and
all of the validation cases consideredhave involvedcompact acous-
tic source regions.6 ;10;11 In the present work, validation of the EIF
approach is extended through the computationof the acoustic � elds
associatedwith threedifferentunsteady� ow� elds: the spinningvor-
tex pair, � ow past a circular cylinder, and a forced planar shear
layer. The spinning vortex pair is a particularly useful � rst valida-
tion case becausethe incompressibleand acoustic far-� eld solutions
can be obtained analytically.Consequently,because hydrodynamic
solutions need not be numerically computed for each new acous-
tic solution, acoustic solver modi� cations and alternativeboundary
condition types can be tested ef� ciently. The use of the cylinder in
cross� ow as a second validation case is a logical progression from
the spinning vortex pair because this problem requires numerical
computation of the hydrodynamic source terms. As such, it rep-
resents a complete test of the coupled hydrodynamic and acoustic
solvers. The acoustic � elds for both the spinning vortex pair and
the cylinder in cross� ow are simulated in the present study at rela-
tively low Mach numbers such that each of these validation cases is
characterized by compact acoustic source regions. In contrast, the
forced planar shear layer is characterizedby an extensive region of
convecting vortices. Because of this, the mixing layer was selected
as a third validation case since it tests the ability of the EIF ap-
proach to predict sound generation and propagation resulting from
noncompact acoustic sources.

Numerical Model
Governing Equations

In the EIF approach, the compressible � ow� eld is separated into
an incompressible,viscoushydrodynamic� ow� eld and an inviscid,
acoustic perturbation� eld. Recently, we have shown that equations
governing the hydrodynamic and acoustic � elds can be developed
by performing a Mach number M expansion of the fully compress-
ible Navier–Stokes equations.12 The incompressible equations are
obtained by neglecting .M2/ terms and higher. The acoustic per-
turbation equations are obtained by subtracting the incompressible

equation set from the expanded fully compressible � ow equations
and by neglectingviscous action on the perturbationquantities. An
assumption implicit in the EIF approach is that the acoustic or per-
turbation� eld has no effect on the incompressible� ow� eld because

.M 2/ terms are neglected in the incompressible � ow equations.
The resulting set of equations, assuming a Newtonian � uid and an
isothermal thermodynamic � eld, can be expressed in nondimen-
sional tensor notation form as follows.

Incompressible,viscous equations:
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Inviscid, perturbation equations:
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where the primed lowercasequantities in the perturbationequations
representthe acousticvariables.Each of thegoverningequationshas
been nondimensionalizedusing U0 for velocity, ½0 for ½; ½0U 2

0 for
pressure, L0 for length, and L0=U0 for time. A relation between ½1

and P and between ½0 and p0 can be establishedby combiningMach
number expansionsof the equation of state and energy equation:
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In the development of Eqs. (3) and (4), heat conduction and vis-
cous dissipation have been neglected.These equations differ some-
what from those used in previous investigations.6 ;10;11 Formal de-
velopment of Eqs. (1–4) is provided in Ref. 12.

Numerical Methodology
The strategy of the overall hydrodynamic–acoustic approach can

be illustrated by considering the low-Mach-number � ow of Fig. 1,
which shows an unsteadynear-� eld � ow region resultingin acoustic
radiation to the far � eld. The near-� eld region is characterized by
dimensions based on the hydrodynamic scales of the � ow. In con-
trast, the far-� eld region is characterizedby dimensionsbasedon the
acoustic wavelengths for each frequency of interest. Resolution of
the viscousscalesof the hydrodynamic� ow usinga � nite difference
approach requires a dense computational grid with high stretching
to optimize the number and distribution of grid points. Optimum
resolution of the propagating acoustic waves would make use of
a uniform grid that extends many wavelengths out to the far-� eld
boundary.By splittingthehydrodynamicandacousticsolutions,and
by neglecting the viscous terms in the acoustic equation, the EIF
approach accommodates the different discretization requirements
resulting from the disparate length scales. In addition, this approach
allows for speci� cation of different boundary condition types and
locations for the near-� eld and far-� eld quantities. Figure 1 is used
to illustrate this point; the hydrodynamic inlet boundary can be
speci� ed with a � xed velocity pro� le (representative of a known
boundary layer or freestreamvelocity pro� le), whereas the far-� eld
acoustic boundary could be speci� ed with nonre� ecting boundary
conditions (representative of acoustic radiation in an unbounded
physical space) located some distanceaway from the hydrodynamic
inlet. Two solvers, an incompressible� ow solver and a perturbation
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Fig. 1 Schematic of acoustic radiation from a low-Mach-number
source region, as well as some numerical simulation considerations.

equationsolver, are used to compute the hydrodynamicand acoustic
� elds, respectively,as described in the following.

Incompressible Flow Solver
The incompressibleNavier–Stokes solver,NFC,13 – 15 used for the

solution of Eqs. (2a) and (2b), is � nite difference based and uses
pseudocompressibility and a Briley–McDonald linearized block
implicit-type alternating-direction implicit scheme. The solver is
fully vectorized and parallelized for maximum performance on
coarse grain parallel vector-processor machines. The governing
equations are cast in primitive variable form using a pseudocom-
pressibility term in the continuity equation to ef� ciently link the
updates of the velocity and pressure � elds. The resulting system
of conservationequations is transformed to generalized curvilinear
coordinates and is discretized using � nite differences (central spa-
tial differencing and full nonorthogonal viscous terms). A hybrid
second- and fourth-order, implicit and explicit arti� cial dissipation
scheme is used to enhance solution stability. All arti� cial dissipa-
tion is applied locally and is adjustedeach time step based on nodal
checks of grid quality and solution stability obtained from grid cell
Reynolds number and local eigenvalues. With this approach, dis-
sipation levels are established for optimum solution convergence
behavior and solution quality.

Time-accurate solutions are obtained with the incompressible
solver using a subiteration approach,16 which extends the pseudo-
compressibility method to time-accurate incompressible � ows by
subiterating each physical time step to drive the divergence of ve-
locity to zero. The time derivatives in the momentum equations are
computed for each physical time step and appear as source terms on
the right-handside.Based on a seriesof convergencetests using this
approach, it was found that extrapolatingnew values of the velocity
� eld after each physical time step could reduce the required num-
ber of subiterations. The improvement in convergence using this
extrapolationprocedure is, however, problemdependentand, there-
fore, requires evaluationfor each computed � ow� eld. Nevertheless,
this additional effort has proven worthwhile because a signi� cant
number of time steps are generally required to get reasonable spec-
tral resolution in the acoustic simulations.

Acoustic Perturbation Equation Solver
The acoustic perturbation equations [Eqs. (2)] are solved with

an explicit, 2–2 MacCormack17 scheme using a generalized body-
� tted coordinate system. Use of an explicit scheme provides the
best approach for the solution of the acoustic perturbation equa-
tions.Althoughan implicit schemecouldbe used, the high Courant–
Friedrichs–Lewy (CFL) numbersallowed with such schemes would

introducedissipationand dispersioninto the solution.Because CFL
numbers close to one are preferred to minimize these numerical er-
rors, and because explicit algorithms can be used at CFL numbers
approachingone, the use of an explicit schemeprovidesthe simplest
and leastexpensiveapproachfor theacousticsolution.Dependingon
the problem, the time-step limit based on CFL requirements for the
acoustic solver can be smaller or larger than the optimum time step
based on convergence requirements for the incompressible solver.
Therefore, the most ef� cient solution scheme would advance each
solution (incompressible and acoustic) at the maximum time step
allowed. If the incompressible time step is larger than the acous-
tic time step, the acoustic source terms derived from the incom-
pressible solution are interpolated in time between two successive
incompressibletime steps. The hydrodynamicsource terms that ap-
pear in the acoustic equations are computed on the hydrodynamic
grid and interpolated in space onto the acoustic grid using bilinear
functions. This is done because the acoustic grid points can be dis-
tributeddifferentlythan the hydrodynamicgrid points.For example,
the spacing in the acoustic grid can be signi� cantly larger than the
spacing in the near-wall regions of the hydrodynamic grid. To fa-
cilitate the interpolation,a map � le, which contains the coef� cients
used in the interpolation scheme, is generated prior to performing
coupled hydrodynamic–acoustic calculations.Although the chosen
numericalschemedoesnot inherentlyrequiretheadditionof explicit
damping terms, initial testing revealed that fourth-order smoothing
was required to control oscillations in regions with large hydrody-
namic source terms.

A radiationboundaryconditionhas been implemented in the per-
turbation equationsolver to minimize contaminationof the solution
by arti� cial re� ections from the computational boundaries. In this
work, the perfectly matched layer (PML) absorbing condition, de-
velopedbyBerenger18 for theMaxwellequationsandbyHu19 for the
nonlinear and linearized Euler equations, has been extended to the
EIF equations. For the PML absorbing condition, regions adjacent
to the out� ow boundariesof the acoustic computationaldomain are
discretized using 15–20 grid points. In these regions, a PML equa-
tion set is constructed such that the outgoing waves are absorbed.
The PML equations are constructed by splitting each of the � ow
variables, e.g., ½ 0 is split into ½0

1 and ½ 0
2 , and by segregating spatial

gradientsinto each split equation,e.g., the ½0
1 equationonly includes

x1 gradients.ThePML equationsincludeabsorptioncoef� cients,¾x1

and ¾x2 , which are used to damp out waves normal to the x1 and x2

axes, respectively. These absorption coef� cients are increased ex-
ponentiallyacross the PML region to graduallyabsorb the outgoing
waves. Using this approach, both Berenger18 and Hu19 have shown
that the PML approachis perfectlyabsorbingfor plane waves at any
incidence angle and frequency.The hydrodynamicsource terms in-
volving spatial gradients of the incompressible quantities are split
in the same fashion as described earlier for the acoustic variables.
Based on a seriesof tests, it was found that optimum performanceof
the PML absorbing condition was obtained when the source terms
involving time gradients of the incompressiblequantitieswere split
equallybetween the split equations.In addition,rather than linearize
the PML equations through the speci� cation of a pseudomean � ow
(as was done by Hu for the nonlinear form of the Euler equations),
a nonlinear form of the PML equations for the EIF approach has
been developed. This is illustrated for the x1-momentum equation
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which is split in the PML region,
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where ’ D .1 C ½1 C ½0/u 0
1 C ½ 0U1 D ’1 C ’2.

Results and Discussion
Spinning Vortex Pair

The spinning vortex pair con� guration consists of two corotat-
ing vortices separated by a � nite distance, as shown in Fig. 2. This
particular problem has been used for validation of several aero-
acoustic codes.11 ;20 The far-� eld solution has been determined by
Müller and Obermeier,21 who solved the problem using the method
of matchedasymptotic expansions(MAE). In this method, the solu-
tion of the incompressibleequation set is matched with the solution
of the acoustic equation set in some intermediate domain. As such,
the MAE solution provides both a hydrodynamic solution that can
be used to compute source terms for the perturbation equations set
and an acoustic solution for comparison with the predicted acoustic
� eld.

The acoustic solution was computed on a rectangular domain
using a uniform grid with 19,881 uniformly spaced grid points
(1xi D 2r0). The � ow and acoustic parameters were selected to
be consistentwith those of one of the simulationsperformedby Lee
and Koo,11 i.e., Mr D 0:0477 and 0 D 0:6. The hydrodynamic� eld
was determined from the near-� eld MAE solution and was used to
compute the source terms at each acoustic grid point. The acoustic
solutionwas computedfor11periods(oneperiodcorrespondsto one
complete revolutionof the vortex pair) using1t D 0:006. This time
step resulted in a CFL number of 0.9. Figure 3 shows the computed
acoustic density � eld over the entire domain, including the PML
region. The acoustic � eld has a spinning, double-spiralpattern con-
sistent with the analytical solutionand the solutions reported in pre-
vious investigations.11;20 The PML regions appear to successfully

Fig. 2 Spinning vortex pair
con� guration.

Fig. 3 Spinningvortex pair; acousticdensity � eld. Computationalgrid
isdeformedby103 times the acousticdensity � eld,which rangesbetween
¡ ¡ 3 £ £ 10¡ 5 and 3 £ £ 10 ¡ 5. Dark lines outline the PML region.

Fig. 4 Spinning vortex pair; comparison of computed and MAE pre-
dicted acoustic pressure along the diagonal line x1 = x2 .

eliminatere� ectionsfrom the far-� eldboundaries.Figure 4 provides
a comparisonof thecomputedand analyticalacousticpressurealong
the diagonal,i.e., the line x1 D x2, of the acousticgrid andshows that
the EIF predicted acoustic � eld has the correct wavelength and am-
plitude. Figure 4 also shows results using three different maximum
values for the absorption coef� cients (¾x1; ¾x2) in the PML region.
The solutions are virtually identical in the computational domain,
whereas in the PML region, the higher absorptioncoef� cientsdamp
the outgoingwaves at a faster rate. The EIF acoustic solution for the
spinning vortex problem was computed using less than 5 CPU min-
utesona Cray C90.The numericalaccuracyof thecomputationswas
assessedby performing a grid re� nement study. Four differentgrids
with uniform spacing of 1xi D 6r0; 1xi D 3r0; 1xi D 2r0; and
1xi D 1:5r0 were used in this assessment. The solution was seen
to be effectivelygrid independent,i.e., the amplitudeof the far-� eld
acoustic pressure oscillations varied less than 1%, for 1xi < 3r0.
This grid spacing corresponds to a resolution of approximately 20
points per wavelength. Based on this, a minimum criterion of 25
points per wavelength was established and was used for the other
validation cases reported in this paper.

Cylinder in Cross� ow
Blake22 describesthe subsonic� ow-inducednoisegenerationdue

to � ow past a circular cylinder as being one of the most investigated
topics in aeroacoustics.This sound generationprocess is relevant to
� ow past an automobile antenna as well as airframe noise and was
recently used as a CAA benchmark problem.23 Experimental data
in the form of far-� eld sound pressure levels are available for com-
parisonand were taken at a Reynolds number of 9£104 and a Mach
number of 0.2 (Ref. 24). Several methods have been used in previ-
ous investigationsto solve the hydrodynamic and acoustic portions
of this problem.25– 27 Hydrodynamic solutions included Reynolds-
averaged Navier–Stokes simulations, LES, and DNS. Three differ-
ent acoustic analogies, including those due to Lighthill,5 Curle,28

and Ffowcs Williams and Hawkings,29 were used to predict the cor-
responding acoustic � elds.

In the present work, the hydrodynamic solution was computed
at the same Reynolds number as the aforementioned experiment.
The hydrodynamic domain, which was nondimensionalized using
the cylinder diameter D, extended 15D above and below and 15D
in front of and 35D behind the cylinder. A total of 35,046 grid
points in 12 blocks were used to discretize the domain using a grid
spacingof 0.0002D adjacentto thecylinderwall. The hydrodynamic
solutionwas computed for 1000 time steps using 1t D 0:1, with 10
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Fig. 5 Cylinder in cross� ow; velocity magnitude contours. Contours
range between 0.0 and 1.8, and dark shading represents low velocities.

subiterationsper time step to establishan incompressible,stationary
� ow. Figure 5 shows the predictedvelocitymagnitudecontoursafter
1000 time steps. The solution exhibited periodic shedding from the
cylinderat a peakStrouhalnumber Sr of 0.230,which is in the range
of predictedfrequenciesreportedby previousinvestigations25– 27 but
is somewhat higher than the experimental value of Sr D 0:190.

The acoustic domain, which was signi� cantly larger than the hy-
drodynamic domain, extended 136D above, 45D below, 75D in
front of, and 136D behind the cylinder. The acoustic grid used
156,071 grid points with a grid spacing (away from the wall) of
0.5D. This grid spacingcorresponds to a resolutionof 25 points per
wavelength for the drag harmonic. Two approaches were used in
the acoustic solution to simulate the freejet used in the experimental
setup24: 1) The cylinder was held stationary in a moving medium,
which extended to the far � eld. 2) The cylinder was moved in a
quiescent � eld. For both of these approaches, the hydrodynamic
solution simulated a stationary cylinder in a moving medium. In
approach 2, the freestream velocity was subtracted from the hy-
drodynamic solution prior to computing the hydrodynamic source
terms used in the acoustic solution. Over 30 cycles of the drag har-
monic were computed using 1t D 0:02, which corresponds to a
CFL number of approximately 0.7. Figure 6 provides the predicted
acoustic density � elds using the two acoustic solution approaches.
As shown in Fig. 6, the convective contributions of the mean � ow
have a signi� cant effect on the directivity of the acoustic density
� eld. Relative to the stationarycylinder results, the moving cylinder
solution does not exhibit a Doppler shift of the drag harmonic in
front of the cylinder. (The acoustic waves are propagating in a sta-
tionary acoustic medium.) The opposite effect is seen in the wake
of the cylinder. In addition, the peak in the lift harmonic is shifted
toward the downstream direction for the stationary cylinder case.
Figure 7 compares the far-� eld directivitypattern of the normalized
sound pressure levels computed using approaches1 and 2 to the ex-
perimental data. The directivity pattern for the translating cylinder
solution compares very well with the experimental results, except
for the last two data points near the cylinderhorizontal axis. In con-
trast, the stationarycylindercompares reasonablywell with the data
in this region but predicts the peak sound pressure level at approxi-
mately 75 deg relative to the cylinder horizontal axis. These results
appear reasonablebecause the experimentused a jet to establish the
� ow past the cylinder, such that much of the acoustic wave propa-
gation was through a quiescent medium. Therefore, the translating
cylinder solution would be more representative of the experiment
away from the horizontal cylinder axis, and the stationary cylinder
solution would be more representative of the experiment near the
horizontal cylinder axis. The computed sound pressure level was
11–12 dB higher than the experimentally measured levels directly
above the cylinder. Similar differences were observed in previous
investigations25 – 27 and have been attributed to the two-dimensional
approximationof thehydrodynamic� ow� eld.25 This approximation

a)

b)

Fig. 6 Cylinder in cross� ow; acoustic density contours (ranging be-
tween ¡ ¡ 2 £ £ 10¡ 3 and 2 £ £ 10 ¡ 3 ) for a) stationary cylinder case (rect-
angle represents the hydrodynamic domain shown in Fig. 5) and b)
translating cylinder case. (Indicated radius is used for directivity sam-
pling in Fig. 7.)

Fig. 7 Cylinder in cross� ow; directivity pattern of acoustic pressure
at r/D = 128.

implicitly assumes that vortex shedding is coherent over the entire
length of the cylinder. In addition, the two-dimensional acoustic
calculation does not allow the acoustic � eld to spread in the x3 di-
rection, resulting in overpredictedacoustic levels. The EIF acoustic
solution for the cylinder in cross� ow was computed using approxi-
mately 4 CPU hours on a Cray C90.

Shear Layer
Shear layers are created by the merging, downstream of a splitter

plate or bluff body,of two streamsof unequalvelocity.Experimental
evidence suggests that the � ow� eld resulting from this merging is
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essentially two dimensional at its early stages and is dominated by
coherentvortical structures.These structures are a manifestationof
the Kelvin–Helmholtz instabilityand control the subsequentgrowth
of the layer via their mutual interactions. Shear layers, together
with jets and wakes, have attracted substantial experimental30 – 32

and computational33 – 35 attention because they provide canonical
representationsof more complicated shear � ows. Noise generation
by shear � ows has also been the subject of several investigations.
For example, Laufer and Yen36 carried out measurements of noise
generated by a forced jet. Despite the low Mach number of the
� ow, i.e., 0:05 < M < 0:20, the acousticradiationexhibiteda highly
directional character. Crighton and Huerre37 have classi� ed such
acoustic � elds as being superdirective and have shown that the hy-
drodynamic pressure � eld resulting from the convecting vortices
generated by the shear layer has the form of a traveling subsonic
planewave packet.The amplitudeof the wave is modulatedby some
global envelope function. Crighton and Huerre37 have analytically
shown that the hydrodynamic near � eld resulting from this modu-
latedwave packetis noncompact,even for low-Mach-number� ows.
Colonius et al.38 have performed DNS computations of the com-
pressible Navier–Stokes equations in their investigation of sound
generation in a forced planar mixing layer. The computational do-
main included both the near-� eld region and a portion of the acous-
tic � eld. In addition, they computed the acoustic � eld using Lilley’s
equation,with source terms generatedfrom the DNS results. In both
of these approaches, a superdirective acoustic � eld was predicted
consistent with the noted experimental and analytical � ndings.

In the present study, the � ow and resulting sound generation and
propagationdue to a forced planar shear layer were simulated using
the EIF approach.The � ow parametersused in this simulation were
consistent with those used in Ref. 38, i.e., Re D ½1U±=¹ D 250
and M D 0:5 and 0.25 for the high- and low-speed � ow streams,
respectively.The hydrodynamicgrid extended approximately500±
in the x1 direction and 15± in the x2 direction. A single block grid
was used with 730 points along x1 and 161 points along x2. The grid
is clustered toward the centerline (x2 D 0) of the shear layer with
a minimum grid spacing of 0:04±. The hydrodynamic inlet velocity
pro� le was speci� ed using an error function pro� le as given by

u2.x2; t/ D .uav=2/ C .1U=2/[erf.x2=¾ /] .6/

where uav is the average of the high- and low-speed stream ve-
locities. Forcing was applied at the fundamental f1 and � rst sub-
harmonic frequencies f2 obtained using linear stability analysis39

and was imposed by specifying an oscillating vertical component
of velocity, u2, at the inlet boundary of the hydrodynamic domain
using u2 D A[sin.2¼ f1t/ C sin.2¼ f2t/]. The amplitude A was se-
lected as 0:00021U based on a series of tests, which showed that
this level of inlet forcing was large enough to cause the vortices to
roll up in a reasonable distance yet small enough so that it did not
result in a highly compact, dominant acoustic source. In this way,
the most signi� cant acoustic sourceswere locatedwell downstream
of the inlet forcing location and were due to the dynamic behavior,
e.g., rollup, saturation, etc., of the vortices. Damping was explic-
itly added to the right-hand side of the incompressible � ow solver
between x1=± D 220 and x1=± D 500 to eliminate vortices exiting
the outlet boundary of the hydrodynamic domain. This was done
because a constant pressure was speci� ed at the outlet boundary

Fig. 8 Shear layer; vorticity contours. Contours range between ¡¡ 0:25 and 0.025, dark shading represents regions of high vorticity, and contour lines
are inverted to highlight vorticity � eld (light contour lines indicate high vorticity).

condition. Any disturbances exiting this boundary would cause the
entire pressure � eld to oscillate unnaturally and thereby introduce
erroneous forcing of the acoustic solution. After several hundred
iterations, the hydrodynamic � eld evolved to a stationary solution
consistingof a series of convectingvortices, as seen in the vorticity
� eld shown in Fig. 8. The pressure coef� cient Cp at several dif-
ferent instances in time is shown in Fig. 9 along x1 for x2 D 0.
The pressure � eld has a form similar to that described by Crighton
and Huerre37 and computed by Colonius et al.,38 i.e., the pressure
oscillations form an essentially stationary wave packet with ampli-
tude variation in space. Oscillations in the pressure � eld due to the
convecting vortices are seen to dissipate rapidly for x1=± > 220 as
a result of the explicit damping.

The acoustic domain was designed such that the computational
grid extended above and below the hydrodynamic domain � ve
acoustic wavelengths of the subharmonic frequency. In addition,
25 points per wavelength were used to resolve the fundamental fre-
quency. This resulted in 80,571 grid points with a uniform grid
spacing of 0:145±. The combined hydrodynamic–acoustic simula-
tion was started once the hydrodynamicsolutionbecame stationary.
Over 100 periods of the subharmonic frequency were computed
using 1t D 0:02, which corresponds to a CFL number of approxi-
mately 0.8.To mitigate the effectsof the rapiddamping in the hydro-
dynamic solution (see Fig. 9 for x1=± > 220), the source terms and
incompressiblevariables used in the acoustic solution were gradu-
ally decayed between x1=± D 145 and x1=± D 220 using a linear
decay function. These variables were also decayed near the inlet to
reduce the effect of forcing the incompressible� ow on the acoustic
solution. The acoustic density � eld resulting from the unsteady hy-
drodynamic� ow� eld is shown in Fig. 10. Also shown in Fig. 10 are
contours of the hydrodynamic density, which have been imprinted

Fig. 9 Shear layer; pressure coef� cient along x2 = 0. Explicit damping
was used to damp the oscillations for x1/± = 220.
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Fig. 10 Shear layer; acoustic density contours. Contours range between ¡¡ 2:5 £ £ 10¡ 6 and 2:5 £ £ 10¡ 6 . Hydrodynamic density contours lines are
shown in the shear layer region and range between ¡¡ 0:8 £ £ 10 ¡ 2 and 0:6 £ £ 10 ¡ 2 at intervals of 0:1 £ £ 10¡ 2 .

Fig. 11 Shear layer; directivity pattern: sound pressure level (SPL).

onto the acoustic domain and were used in the acoustic computa-
tions. The contours of acoustic density range between ¡2:5 £ 10¡6

and 2:5 £ 10¡6. The directivity of the acoustic � eld at the sub-
harmonic frequency is shown in Fig. 11 and was determined by
computing sound pressure levels every 3 deg on a circular arc with
radius r=± D 200, centered before the peak of the hydrodynamic
pressure oscillations (x1=± D 100; x2 D 0). The directivity pattern
is consistentwith the computationsof Ref. 38 in that the peak sound
pressure levels are seen below the mixing layer, centered roughly30
deg from the horizontal.The acousticdilatation� eld was computed
and is comparedwith the resultsofRef. 38 in Fig. 12.Becauseof dif-
ferences used in forcing the shear layer (Colonius et al.38 forced the
shear layer by oscillating the u1velocity at an amplitude of 0.001),
a quantitative comparison between EIF and DNS solutions has not
been made. However, based on the consistency in the directivity
pattern, i.e., both EIF and DNS solutions show a peak directivity
roughly 30 deg below x2 D 0, the acoustic � eld computed using
the EIF approach is considered to be in good qualitative agreement
with the DNS results. This is signi� cant because � uid–acoustic in-
teraction plays a critical role in processing the acoustic � eld for this
� ow and as such validates an important aspect of the EIF approach.
The entire solution (hydrodynamic and acoustic � elds) using the
EIF approach was computed using less than 9 CPU hours on a
Cray C90. This is a considerable reduction in time relative to the
DNS solution,which requiredseveralhundredCPU hourson a Cray
Y-MP.38

a)

b)

Fig. 12 Shear layer; dilatation � eld from a) DNS predictions due
to Colonius et al.38 (reprinted with permission of Cambridge Uni-
versity Press), where contour levels range between ¡ ¡ 0:4 £ £ 10¡ 6 and
0:4 £ £ 10¡ 6 at intervals of 0:04 £ £ 10¡ 6, and b) EIF predictions, where
contour levels range between ¡¡ 0:3 £ £ 10¡ 6 and 0:3 £ £ 10 ¡ 6 at intervals
of 0:03 £ £ 10 ¡ 6.
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Conclusions
A computational aeroacoustics solver has been developed using

the EIF approach. New methods relating the hydrodynamic den-
sity to the hydrodynamic pressure, as well as the acoustic pressure
to the acoustic and hydrodynamic density, have been used in this
solver. In addition, PML absorbing boundary conditions have been
implemented to simulate acoustic radiation to the far � eld. Good
agreement with analytical solutionsand experimentaldata has been
obtained using the EIF approach for three fundamental validation
test cases: the spinning vortex pair, the cylinder in cross� ow, and
the shear layer. The spinning vortex pair was used to evaluate the
PML absorbing conditions. The amplitude and wavelength of the
predictedacoustic � eld is in excellentagreementwith a solutionob-
tained using the method of matched asymptotic expansions. Little
to no re� ection from the PML absorbing region was observed, and
the performance of the radiation boundary condition was shown to
be relatively insensitive to the amplitude of the PML absorbing
coef� cients. The cylinder in cross� ow was used to demonstrate the
completeapproach,i.e., computationof the unsteadyhydrodynamic
� ow and the resultingacousticgenerationand propagation.This test
case showed that the � uid–acoustic interaction terms in the govern-
ing equations play a signi� cant role in the prediction of far-� eld
directivity. The computed directivity pattern agrees favorably with
experimentalresultsand is stronglyin� uencedby the speci� ed mean
hydrodynamic � ow� eld. Of the three � ows considered, the shear
layer represents the most dif� cult test case. The source region asso-
ciated with this � ow is noncompact and, therefore, rigorously tests
the ability of the EIF approach in computing � ow–acoustic interac-
tioneffects.The predictedacoustic� eld for the shear layercompares
quite well with a solution obtainedusing a fully compressibleDNS,
verifyingan importantaspectof theEIF approach.These predictions
were obtained at a fraction of the cost of the DNS solutions.
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